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Comparison of different methods for diversity ordering

Tothmérész, Béla

Ecological Institute, Kossuth L. University, Debrecen, POB 71, H-4010 Hungary; Fax +36 52 431 148;
E-mail TOTHMERB®@TIGRIS.KLTE.HU

Abstract. The measurement of diversity, one of the most
important concepts in present-day ecology, can be improved
by methods of diversity ordering which have recently been
developed. This ordering is achieved by a D(«) diversity index
family. Indices of this family show varying sensitivities to the
rare and abundant species as the scale parameter, ¢, changes.
The aim of this paper is to review and assess 12 methods of
diversity ordering and discuss their relationships in detail.
Two of the methods are new to the ecological literature.

The diversity ordering methods are compared as to their
effectiveness in graphically displaying the differences of com-
munity structure and demonstrating the (non-)comparability
of communities. Small, medium and large data sets were used
to evaluate the methods. A small artificial data set (five to
seven species) and a large semi-artificial data set (31 - 141
species) are used in this paper.

The results suggest that Rényi’s diversity index family and
Logarithmic dominance ordering are the most useful methods
for diversity ordering of communities of all sizes. Right-tail-
sum diversity ordering performs well for small communities.

Keywords: Diversity family; Diversity profile; One-param-
eter diversity; Rényi’s diversity index.

Introduction: Diversity profiles and their compari-
son

The diversity concept is of central importance in
ecological theory and practice (e.g. Goodman 1975;
Grassle et al. 1979; Huston 1979; May 1975). Species
richness and diversity are also important in conservation
management. They are frequently used as indicators of
the ‘well-being’ of ecological systems (Magurran 1988).
Diversity is also widely used in environmental monitor-
ing (e.g. Cairns et al. 1979; Resh 1979; Washington
1984).

There are a great many diversity indices. Their statis-
tical properties have been studied in detail; see the
literature cited in Dennis et al. (1979). In practice,
however, many researchers have criticized the use of
diversity indices in field studies and other applications.

It is well-known that different diversity indices may

rank sets of communities in different ways (Hurlbert
1971). Three artificial communities with the following
abundances will be used here to demonstrate such dif-
ferences:

A =(33,29,28,5,5) a 5-species community;
B =(42, 30, 10,8, 5, 5) a 6-species community;
C=(32,21,16,12,9,6,4) a7-species community.

As an example of a difference, A and B are ranked
differently by the Shannon (H) and Simpson (D) indi-
ces, where the Shannon index is calculated as H = — X
pilnp;, and the Simpson index as D=1 —[n; (n; — DI/[N
(N = 1)], and here n; is the abundance and p; is the
relative abundance of the i-th species; N = X n;. For the
two communities the values for H and D are:
H(A)=1.3808 < 1.4574 = H(B);

D(A) =0.7309 > 0.7194 = D(B).

Patil & Taillie (1979) emphasized that such incon-
sistencies are inevitable whenever one attempts to re-
duce a multidimensional concept to a single number; a
community is a multidimensional entity and its diversity
is a scalar quantity.

A potential solution is offered by the use of paramet-
ric families of diversity indices instead of a diversity
index with a numerical value. When we are using a one-
parameter family {D,: o real} of diversity indices then
the family may be portrayed graphically by plotting
diversity values D against the (scale) parameter o. This
curve, the graph of the {D,: o real} family, has fre-
quently been described as the diversity profile of the
community (Patil & Taillie 1979, 1982). Essentially, o
serves as a scale parameter, and members of the D,
family have varying sensitivities to the occurrence of
rare and abundant species as & changes. Diversity pro-
files play an important role in diversity comparisons.
Diversity profiles of the communities A, B and C are
presented in Fig. 1 using Rényi’s diversity index family.

On the basis of the diversity profiles we can define
the diversity ordering of communities in the following
way: Community A is more diverse than community B
(written as A > B) if the diversity profile of A is above
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or equal to the diversity profile of B over the whole
range of the scale parameter.

It can be shown that the diversity ordering is a partial
order so that if A > B and B > C, then A > C. However,
it is not true that for every A and B, either A>B or B >
A; ie. the curves of the two diversity profiles may
intersect. In this case the two communities A and B are
said to be non-comparable; this means that we can find
two diversity indices which order the communities dif-
ferently. Of course, this situation might reflect impor-
tant ecological processes which can be interpreted. In
Fig. 1, we can see that A and B are non-comparable, and
also that community C is the most diverse one: C > A
and C > B.

Patil & Taillie (1977, 1979) and Solomon (1979)
were among the first to propose the idea of diversity
ordering. This idea is important in ecology and has
added a new dimension to the ecological approach of
diversity. Diversity ordering based on parametric fami-
lies of diversity indices is not yet frequently used, mainly
because these methods involve more calculations than a
simple diversity index. Few of these methods are in-
cluded in any standard computer packages.

Material and Methods

Samples to assess the performance of the methods

The main objective of this paper is to assess the
graphical performance of the different methods. Diver-
sity ordering values are compared according to their
effectiveness in displaying the differences of commu-
nity structures. The question is put whether the diversity
profiles of different communities are really different,
and if they are, how much of this difference is evident
from the graphical output of the method. I am also
interested in the usefulness of the methods in demon-
strating the non-comparability of communities; i.e. is it
easy or difficult to check the intersection of the diversity
profiles of the communities when they are non-compa-
rable. This is a practical point during the data analysis
because there is no reason to use methods which poorly
reflect the studied phenomena if we have better methods
which are equally good in other respects.

Small, medium and large data sets were used to test
the methods. The results of a small artificial data set,
introduced in the Introduction, and a large semi-natural
data set are presented in this paper. The large data set
includes three communities with 31, 141 and 85 species,
respectively. Both data sets were especially designed
for this test: in the case of the small data set, communi-
ties A and B are non-comparable, i.e. the diversity
profiles intersect, while C is more diverse than both A

and B. In the case of large data sets the first community
is less diverse than the second and third ones, and the
second and third communities are non-comparable.

Many other artificial and real data sets were used to
evaluate the performance of the methods, but the exam-
ples presented here satisfactorily represent my experi-
ence in using these methods.

General model

Generally, a community A may be identified with
the ordered pair A = (Sy, na), where S, is the number of
species present and

ny =(n1,n2,...,ni,...,nSA)

is the abundance vector of the community and n; is the
abundance of the i-th species of the community. For our
purposes it is often sufficient to know the relative abun-
dances of species; thus a community may be identified
by a pair (Sa, pa), Where p, is the relative abundance
vector of the species. When speaking generally about
communities we frequently write simply (S, p) or just p
= (pl’pZ""»pS)~

Using more formal terminology we can say that
(P1,p25---Ps) 1s a discrete probability distribution and

F3={(P1’P2»~--’PS):pi ZO’Zlepi - l}

is the set of discrete probability distributions containing
S real numbers. The diversity is a real function defined
onT,i.e.

D:T—>R

where R is the set of real numbers. Patil & Taillie (1979)
emphasized that community diversity can be defined as
the average species rarity. Of course many different
rarity functions, and thus many different diversity func-
tions, can be defined. Denote the rarity of species i of the
studied community (S, p) by R(i; p); i.e. a numerical
measure of rarity is to be associated with each species.
Thus the diversity measure of a community (S, p) is
defined as its average rarity:

S
D:T >R, D(p): Y, piR(i:p),

i=1

In the following section the published one-parameter
diversity index families will be reviewed, as well as
other methods which can be used for diversity ordering.
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Most of these were devised by mathematicians and
subsequently adopted by ecologists. Two methods are
new for the ecological literature.

Methods for diversity ordering

Rényi (1961) extended the concept of Shannon’s
entropy by defining the entropy of order &t (x>0, ot #1)
of a probability distribution (p,p,,...,ps) as

H, = (logip?]%l—a) (1)

In this context, entropy is simply a synonym of diversity
used in mathematics. It is the first published family of -
diversity indices. In the original definition the base
number of the logarithm was 2; in ecological applica-
tions the natural logarithm is more frequently used.

Hill (1973) - who mentioned the work by Rényi (1961)
- defined a diversity index family of order a (a 20, a #1)
which is closely related to the previous one:

s\
N,= [Zpi‘j 2)
i=1

I prefer to mention this family as the Exp(Rényi) diver-
sity family. This family was introduced again by Patil &
Taillie (1979, 1982), albeit from a different mathemati-
cal point of view. Their notation is Sg (8> —1; B+ 0).

s VB
(3]

The next family is that of entropy of type a, pro-
posed by Daréezy (1970; Aczél & Daréezy 1975). Let o
>0; ov# 1. Then the equation is:

H® = [é P - 1) /(21—a -1) @

It can be proven that Shannon’s entropy is a limiting
function of H*when o = 1, as in the case of Rényi’s
entropy, H,. This family of entropies (diversities) can
also be used for diversity ordering. This parametric
family has not been used earlier in the ecological litera-
ture for diversity ordering.

Patil & Taillie (1979) proposed one more one-pa-
rameter diversity index family (82> -1; B # 0):

Aﬂ=[1—ip,ﬁ+l]/[3 (5)
=1

They called it the diversity index of degree 3 (Patil &
Taillie 1982).

The Right-tail-sum diversity is defined as follows
(Patil & Taillie 1979):

s
T,~(p)=p(,.+l)+...+p(s)= z p(j),ISiSS

j=i+l

where p(;), ..., p(s) are the relative abundances of the
species of a community arranged in descending order. If
we consider i as a variable, then

{Ti(p):i=12.....5} (6)

defines a one-parameter family of indices, while the
diversity profile is defined by the polygonal path joining
the successive points Ty, Ty, ..., Ts.

The Lorenz curve can also be used as a diversity
profile (Taillie 1979). It can be displayed graphically by
plotting and connecting the points

By =(0,0),P. = [Z Py i/SJ. @)
Jj=1

Solomon (1979) proposed a diversity ordering based
on the notion of majorization. He defined a partial order
on I" which is recommended for ordering communities
according to their diversity. Let p, ¢ € I'; the expression
‘p majorizes ¢ * means that

1 1
21> 24 ®
J=1 J=1

foreachi=1,2,..., S-1.

A k-dominance curve visualizes the dominance pat-
tern of communities (Shaw et al. 1983). In a k-domi-
nance plot percentage cumulative relative abundance
(of the first k species) is plotted against log species rank
(Lambshead et al. 1983, Platt et al. 1984); the percent-
age abundance of each species is ranked in decreasing
order of dominance. In eq. 9 ‘i’ is used instead of ‘k’ in
order to be consistent with the other formulas, but the
original name is k-dominance plot, which should be
maintained:

[logi, 100- Zp(j)J 9

=
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This curve could be used for diversity ordering, but the
lowest curve will represent the most diverse commu-
nity; in this respect this method is just the opposite of the
others and formally it is not a diversity ordering because
the curve of a less diverse community is above the curve
of a more diverse one over the whole range of the curve.

A method proposed here is related to both Right-tail-
sum diversity and the k-dominance plot and can be
called Logarithmic dominance ordering; it is defined by

s
P, :[logi, Y p(j)] (10)

j=itl

It can be displayed graphically by plotting and connect-
ing the points P;.

The next diversity index family is due to Hurlbert
(1971):

Me

S(m)=

fi-0-r)"} an

It gives the number of species present when m individu-
als are drawn at random from the population. Conceptu-
ally m is an integer, but real values make mathematical
sense. S(m) is sometimes mentioned ‘expected species
diversity’. An important property of it is that an unbi-
ased estimator for S(m) is known. The minimum vari-
ance unbiased estimator for S(m) as devised by Smith &
Grassle (1977) is:

4 I

where

[N]_ N!
m) (N-m)m!

Eq. 12 is often called the Hurlbert-Smith-Grassle’s di-
versity index family.

Executable programs of the diversity orderings dis-
cussed in the paper for IBM-compatible PCs (Téthmérész
1993) are available from the author upon request (en-
closing a formatted disk).

Relations of diversity orderings

The 12 methods of diversity ordering presented here
will now be compared. First, two diversity index fami-
lies are basically identical, the Rényi’s and Hill’s index

families. They differ only in their parametrization (see
egs. 1 and 2); their relation can be indicated as follows:

H,=log(N,), N,=exp(H,)

Hill (1973) demonstrated that the three commonly used
measures of diversity, Simpson’s dominance index,
Shannon’s entropy, and the total number of species, are
related to Rényi’s definition of a generalized entropy for
values of a =2, 1 and 0, respectively.

The relation between N, and Sg is evident from a
comparison of eq. 2 with 3; by replacing Bwitha— 1, eq.
3 becomes identical with 2.

The relation between the entropy of order o and the
entropy of type & (Dar6czy 1970) follows from a com-
parison between eqs. 1 and 4 :

H, = log, [(2‘ 1) ] /(1 —a)

and
H* = [2(1-a)H,, _ 1]/(21—a _ 1)

The relations between the Right-tail-sum diversity
ordering, the Lorenz curve, Solomon‘s majorization,
the dominance curve, and the Logarithmic dominance
ordering are evident from eqs. 6 - 10; they are close
relatives. The Lorenz curve is a graphical display of
Solomon’s majorization. The relation of the Right-tail-

Rényi's diversity

- community A

~+ community B
% community C

1 L . L
0 1 2 3 4
scale parameter

Fig. 1. Diversity ordering of three artificial communities using
Rényi’s index family. Community C is the most diverse (C >
A and C > B). A and B are non-comparable because the
diversity profiles are intersecting.
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1 - cumulative relative abundance
- community A

0.6 + community B

»* community C

0.4

0.2

species rank (log scale)

Fig. 2. Diversity ordering of three artificial communities using
the Logarithmic dominance plot.

Daroczy's diversity

- community A
+ community B
* community C

1.3

L .
1 1.2 1.4 1.6 1.8 2
scale parameter

Fig. 3. Diversity ordering of three artificial communities using
Dardczy’s ordering. The graph is concentrated on the [1, 2]
interval, which improves the presentation of intersection of
the diversity profile of A and B.

Patil and Taillie's diversity

- community A
~+ community B
1.5F * community C

0 0.2 0.4 0.6 0.8 1
scale parameter

Fig. 4. Diversity ordering of three artificial communities using
Patil & Taillie’s ordering. The graph is concentrated on the [0,
1] interval, which improves the presentation of intersection of
the diversity profile of A and B.

sum diversity and Lorenz curve or Solomon’s majori-
zation is straightforward as well:

S i

Ti(p)= Z P =1—ZP(J<)

j=itl j=1

In the case of the Lorenz curve, however, the X and Y
axes are interchanged relative to the right-tail-sum plot.
The Logarithmic dominance ordering is equivalent
to the k-dominance plot after subtracting the k-domi-
nance values from 100 and then dividing by 100:

log. dominance plot = (100 — k-dominance plot)/100.

It is also evident that the logarithmic dominance plot
and the inverted k-dominance plot are identical after a
multiplication by 100. Other relations between egs. 6 -
10 can be demonstrated by simple calculations.

On the other hand, the diversity Agof Patil & Taillie
and the diversity index family of Hurlbert-Smith-Grassle
are not related directly to the others.

Graphical comparison of diversity orderings

This comparison includes eight of the methods, cov-
ering the variation in approach, with emphasis on the
usefulness, and with a special interest in the ability of
the methods to demonstrate the non-comparability of
communities; i.e. by displaying the intersection of di-
versity profiles.

For the small artificial data set, the Rényi, Exp(Rényi),
Right-tail sum and Logarithmic dominance methods
produced clear, easily interpretable results (Figs. 1 and
2). The figure produced by the Exp(Rényi) ordering is
very similar to that produced by the Rényi ordering; the
situation is the same for the Logarithmic dominance plot
and Right-tail sum ordering; therefore these figures are
not presented. Community C is clearly separated from
the others and it is easy to realize the intersection of the
diversity profiles of communities A and B. The figures
produced by the Dar6czy and Patil & Taillie methods
are less clear (Figs. 3 and 4). Community C is well-
separated from A and B, but it is difficult to detect the
intersection of the diversity profiles of A and B (Figs. 2
and 3).

For the large data set, the Rényi and Logarithmic
dominance orderings perform well (Figs. 5 and 6). The
first community is well-separated from the others; it is
evidently the least diverse. The intersection of the diver-
sity profile of communities 2 and 3 is also well indicated
by both methods. The Exp(Rényi) and Right tail sum
orderings do not perform as well as these for the species-
rich communities; the Right-tail sum ordering is par-



288 Téthmérész, B.

Rényi's diversity
5 - community E1
+ community E2

# community E3

scale parameter

Hill's diversity
- community E1
1251 + community E2
* community E3
100+
75
50
251
0 m R \l.

scale parameter

Fig. 5. Diversity ordering of three communities of the large
data set using Rényi’s index family. Community 1 is the less
diverse; communities 2 and 3 are non-comparable because the
diversity profiles intersect.

Fig. 7. Diversity ordering of three communities of the large
data set using the Exp(Rényi) or Hill’s diversity ordering.
Evidently, community 1 is the least diverse, while the intersec-
tion of the diversity profiles of communities 2 and 3 is not
displayed clearly.

1 - cumulative relative abundance
- community E1

+ community E2
* community E3

species rank

right-tall-sum diversity

- community E1
+ community E2
* community E3

& 1000 120 140
species rank

Fig. 6. Diversity ordering of three communities from the large
data set using the Logarithmic dominance plot.

ticularly poor. Even the first community is hardly or not
separated from the others and it is practically impossible
to detect the intersection of the diversity profiles of the
second and third communities (Figs. 7 and 8). The
figures produced by the Dardczy and Patil & Taillie
diversity orderings are very much the same; for species-
rich communities they perform poorly.

The curve produced by the Hurlbert-Smith-Grassle
diversity family indicates the relation of sample size and
the number of species quite well but it is not especially
effective in reflecting the intersection of diversity pro-
files (Fig. 9).

Fig. 8. Diversity ordering of three communities from the large
data set using the Right-tail sum diversity ordering. The
diversity orderings of the communities are poorly displayed. It
is even difficult to detect that community 1 is the least diverse.
The intersection of the diversity profiles of communities 2 and
3 are not displayed at all.

Discussion

Peet (1975) discussed the need for a theory of index
response to facilitate the choice of diversity indices: one
may wish the index to be sensitive to the composition of
the dominant species but relatively indifferent to that of
the rare ones. Changing the scale parameter of a diver-
sity index family ‘naturally’ changes the sensitivity of
the index family and plotting the diversities against the
scale parameter, the change of the sensitivity can be
displayed graphically. Therefore, while comparing com-
munities by diversity profiles it is possible to trace
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Hurlbert-Smith-Grassle's diversity
60T -« community E1
+ community E2
* community E3

0 . L L . L I . . .
10 60 110 160 210 260 310 360 410 460

number of individuals

Fig. 9. Diversity ordering of three communities of the large
data set using Hurlbert-Smith-Grassle’s diversity ordering.
The relation between sample size and species number of the
communities is shown clearly, but it is rather difficult to figure
out the diversity ordering of communities on the basis of this
figure.

where the diversity ordering changes with respect to the
dominant, subdominant or rare species. The diversity
profiles may reveal ecological processes which lead to
different patterns of dominance behaviour of species.
That may be considered a very useful feature of the
diversity profiles.

One of the most useful methods for ordering com-
munities as to their diversity is Rényi’s index family; it
performs well irrespective of the species number of the
community; the intersection of the diversity profiles is
also well-indicated by this method. The Logarithmic
dominance ordering also produced clear, well-interpret-
able figures for communities of different species rich-
ness levels. The Exp(Rényi) index family also presented
good results, especially when the number of species is
low. When the species number of the communities
compared is medium or high it is better to use Rényi’s
index family or Logarithmic dominance plot ordering,
while in the case of a medium or low species number the
Exp(Rényi) index family may be useful as well. For
species-poor communities the Right-tail sum ordering
produced good figures.

When the differences between the species numbers
of communities are medium or high, i.e. when one of the
communities compared is much richer in species than
the other(s), then the Rényi’s index family or the Loga-
rithmic dominance plot ordering may be practical as
well. This result is also plausible from a theoretical
point of view, because using a logarithmic scale on the
Y-axis makes the Exp(Rényi) index family identical to

the Rényi one; the same holds for the Right-tail sum
ordering and the Logarithmic dominance plot method.

This logarithmic transformation of the Y-scale is
very effective in improving the visual quality of the
figure when large differences occur in the species number
of the compared communities.

Dar6czy’s entropies of type o and Patil & Taillie’s
diversity of index Agare about equally effective, but
Dar6czy’s method performed slightly better. The per-
formance of these index families was better for small
communities than for large communities.

Diversity ordering based on the Right-tail sum di-
versity was not effective in the case of large or medium
species numbers, while it produced clear results in the
case of small species numbers.

Calculation of the Hurlbert-Smith-Grassle’s diver-
sity index is extremely time-consuming as compared to
the others. The curve produced is informative, but the
method is not very effective in reflecting the intersec-
tion of the diversity profiles. It is almost impossible to
detect the intersection of the diversity profiles by graphi-
cal inspection when one of the compared communities
has a much larger number of individuals (shoots, etc.)
than the others. The large difference in species number
might produce similar effects but in a much lesser
degree. The joint presence of these two factors might
cause difficulties in the interpretation of the result of
diversity ordering on the basis of purely graphical in-
spection.
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